We describe the interplay between stellar evolution and dynamical mass loss of evolving star clusters, based on the principles of stellar evolution and cluster dynamics and on the details of a grid of N -body simulations of Galactic cluster models. The cluster models have different initial masses, different orbits, including elliptical ones, and different initial density profiles. We use two sets of cluster models: one set of Roche-lobe filling models and a new set of cluster models that are initially underfilling their tidal radius.
INTRODUCTION
In this paper we study the mass loss and the mass history of star clusters in a tidal field, based on a grid of N -body simulations. The purpose of this study is three-fold: (a) to understand and quantitatively describe the different effects c 2009 RAS that are responsible for mass loss, (b) to study the interplay between the different mass loss mechanisms and (c) to develop a method for predicting the mass history of individual clusters of different initial conditions and in different environments. This information is needed if one wants to analyse observed star cluster systems in different galaxies. Therefore we describe in this paper in detail the different mass loss effects; how much each one contributes to the mass loss rate; how it depends on cluster parameters and environment and how these effects determine the mass history and total lifetime of a cluster. In particular we will point out the importance of the loss of stars that is induced by stellar evolution. This mass loss is proportional to the evolutionary mass loss and therefore adds to the mass loss rates of clusters at young ages. We will show that both the evolution-induced mass loss and the relaxation-driven mass loss start slowly with a delay time on the order of a few crossing times at the tidal radius. We will also show that the mass loss rate after core collapse is about a factor two higher than before core collapse, and that the dependence of the relaxation-driven mass loss on mass is different before and after core collapse.
The mass of star clusters decreases during their lifetime, until they are finally completely dissolved. The stars that are lost from clusters add to the population of field stars. The mass loss is due to stellar evolution and to several dynamical effects such as two-body relaxation, tidal stripping and shocks. These effects have all been extensively studied individually. However, to understand and describe the combination and interplay of the effects one has to rely on dynamical simulations.
The effects of stellar evolution on star clusters can be studied by means of stellar evolution tracks for a large range of masses and metallicities (e.g. Anders & Fritze-v. Alvensleben 2003; Bruzual & Charlot 2003; Fioc & RoccaVolmerange 1997; Leitherer et al. 1999; Maraston 2005) . The dynamical effects of cluster evolution have been described in a large number of theoretical studies starting with Ambartsumian (1938) , Spitzer (1940) , Chandrasekhar (1943) and a series of papers by King, e.g. King (1958) . This was followed by the seminal works of Spitzer (1958 and 1987) and by many other studies, e.g. Chernoff & Weinberg (1990) ; Gnedin & Ostriker (1997) ; Aarseth (1999) ; Fukushige & Heggie (2000) . The first N -body simulations of clusters were done by von Hoerner (1960) . For a review of early N -body simulations of star clusters, see Aarseth & Lecar (1973) .
The recent advancement of computational power, in particular the development of the GRAP E-computers ) and the use of Graphics Processing Units (GPU) has allowed the improvement and verification of these theoretical models by means of direct N -body simulations (Vesperini & Heggie 1997; Portegies Zwart et al. 1998; Baumgardt & Makino 2003, hereafter BM03; . For the purpose of the present study the following results are particularly important: (i) The realization that mass loss by tidal effects does not only scale with the half-mass relaxation time (as was assumed in earlier studies), but by a combination of the halfmass relaxation time and the crossing time (Fukushige & Heggie 2000; Baumgardt 2001; BM03) . This implies that the lifetime due to evaporation in a tidal field does not scale linearly with the cluster mass M , but with M γ with γ ≃ 0.6 to 0.7.
(ii) The realization that mass loss by shocks due to the passage of spiral arms and giant molecular clouds scales with the density M/r 3 of the clusters (Spitzer 1958 , Gnedin & Ostriker 1997 . Adopting the observed mean mass-radius relation of r ∝ M 0.1 for clusters in spiral galaxies (Larsen 2004 , Scheepmaker et al. 2007 ) then also results in a mass loss rate that scales approximately as M γ , with γ similar to the value of evaporation in a tidal field . This is in agreement with empirical determinations of γ ≃ 0.6 from studies of cluster samples in different galaxies (Boutloukos & Lamers 2003; Gieles et al. 2005; Gieles 2009 ). (iii) A grid of cluster evolution models with different initial masses, different initial concentration factors and in different Galactic orbits by means of N -body simulations (BM03) allows a study of the interplay between stellar evolution and dynamical mass loss, that is not easily done by theoretical studies. In particular it shows how the mass loss depends on mass, age and external conditions, and how the stellar mass function evolves during the life of the cluster.
In this paper we will use a grid of N -body simulations of Roche-lobe filling models (BM03), supplemented with a new grid for Roche-lobe underfilling models, of Galactic clusters of different initial mass, different initial concentrations and in different orbits to describe the process of mass loss from clusters and the interplay between the different effects. We also derive a method for calculating the mass loss and mass history for clusters of different metallicity and in different environments. This results in an improvement of the analytical description of the mass history of clusters that was based on a combination of stellar evolution and dynamical effects. .
The paper is arranged as follows. In Sect. 2 we describe the mass loss processes of star clusters: stellar evolution and dynamical effects. In Sect. 3 we describe the results of Nbody simulations of BM03 used in this study. Sect. 4 deals with the mass loss due to stellar evolution, i.e. both the direct mass loss and the evolution-induced loss of stars. In Sections 5 and 6 we describe the relaxation-driven mass loss respectively before and after core collapse. Section 7 deals with the mass evolution of clusters in elliptical orbits around the galaxy and Sect. 8 deals with initially Roche-lobe underfilling clusters. In Sect. 9 we study the relation between the total age of a cluster and the initial parameters. In Sect. 10 we predict the mass loss history of clusters and its main contributions. Sections 11 and 12 contain a discussion and the summary plus conclusions of this study. In Appendix A we present a recipe to predict the mass history of star clusters in different environments and with different metallicities. In Appendix B we tabulate numerical coefficients to calculate the mass loss of clusters by stellar evolution.
MASS LOSS PROCESSES
Clusters lose mass by stellar evolution and by dynamical effects, such as two-body relaxation and tidal stripping of stars in a cluster that is emersed in a steady tidal field and shocks. The mass loss by stellar evolution is in the form of gas ejected by stellar winds and by supernovae, but also in the form of compact remnants that may be ejected if they get a kick velocity at birth. Mass loss by dynamical effects is always in the form of stars. Throughout this paper we will refer to these two effects respectively as "mass loss by stellar evolution" and "dissolution", either in a steady potential field or due to tidal perturbation (shocks).
Mass loss by stellar evolution
The mass fraction that is lost by stellar evolution depends on the metallicity and on the adopted stellar initial mass function. We have calculated these for clusters with a Kroupa IMF, using the evolutionary calculations of Hurley et al. (2000) by assuming no dynamical mass loss. The data are provided by Pols (2007, Private Communication) .
The various contributions to the evolutionary mass loss for (non dissolving) clusters with metallicities of Z=0.0004, 0.001, 0.004, 0.008 and 0.02 can be expressed with very high accuracy (better than ∼ 1%) by 3rd order polynomials as function of time. We have calculated these fit formulae for models with a Kroupa (2001) IMF in the range of 0.1 to 100 M⊙. These models have an initial mean stellar mass of 0.638 M⊙. The fit formulae for clusters are listed in Appendix B for the following parameters: (i) the remaining mass fraction µ(t) = M (t)/Mi, (ii) the mass fractions of black holes µBH = MBH/Mi, neutron stars µNS and white dwarfs µWD, (iii) the mean mass of all stars < m > and of the black holes < m >BH, neutron stars, < m >BNS and white dwarf < m >WD, (iv) the luminosity L(t)/L⊙ of a cluster with an initial mass of 1 M⊙.
The mass fraction that is lost by winds and supernova ejecta is 1 − µ(t). If compact remnants are ejected with a kick velocity then the remaining mass fraction due to stellar evolution is µev(t) ≡ µ(t) − f 
All fraction µ are expressed relative to the initial cluster mass Mi.
The mass loss rate of a cluster due to stellar evolution can now be expressed as
which is negative, since µev decreases with time. This expression is strictly valid for the early phases of cluster lifetime before the preferential loss of low mass stars by dynamical effects has changed the shape of the mass function. Since stellar evolution dominates the mass loss only in the early phase of the clusters lifetime, equation 3 is a good approximation. (For a description of evolutionary mass loss in a cluster with preferential loss of low mass stars see Kruijssen & Lamers 2008 , Kruijssen 2009 and Trenti et al. 2010 In the description of the mass loss of the cluster models studied by N -body simulations in this paper the effect of the changing mass function due to evolution and the preferential loss of low mass stars is properly taken into account, as it is in the output of the simulations.
Mass loss by dynamical effects or
"dissolution"
The time-dependent mass loss by dissolution can be described by (dM/dt) dis = −M/t dis , where
is the dissolution time scale that depends on the actual cluster mass and on the environment of the cluster. Let us assume that we can describe t dis as a power-law function of mass, as t dis = t0(M/M⊙) γ , with the constant t0 being the dissolution parameter (which is the hypothetical dissolution time scale of a cluster of 1 M⊙). The changes in the cluster mass due to dissolution is then described by
We stress that the dissolution time scale t dis is not the same as the total life time of the cluster, ttot, although these are related. Integration of Eq. 4 shows that ttot = t0M γ i /γ in the absence of stellar evolution, where Mi is the initial mass. In reality stellar evolution also removes part of the cluster mass. This implies that this simple estimate of ttot overestimates the real cluster lifetime.
Theoretical considerations suggest that γ ≃ 0.65 to 0.85. This follows from the following dynamical arguments. Spitzer (1987) has argued that a fraction of the stars ξ escapes each t rh , such that
Dissolution in a steady tidal field
where t rh ∝ (N 1/2 / ln Λ)r h 3/2 m −1/2 is the half-mass relaxation time, r h is the half-mass radius, m is the mean stellar mass, N = M/m is the number of stars and ln Λ is the Coulomb logarithm. The value of ξ is larger for Roche-lobe filling clusters than for clusters in isolation.
In analytical studies of cluster dissolution a single value for ξ is usually assumed, implying that the cluster lifetime is a constant times t rh (see e.g. Spitzer 1987 ). However, a recent theoretical study by Lee (2002) and has shown that ξ is a strong function of the Roche-lobe filling factor r h /rJ, (where rJ is the Jacobi radius, i.e. the Roche-lobe radius for clusters). These authors found for clusters with r h /rJ 0.05 that ξ scales roughly as (r h /rJ) 3/2 . Since rJ ∝ M 1/3 ω −2/3 , where ω is the angular frequency of the cluster orbit, ξ ∝ tcross × ω. Here tcross is the mean crossing time of stars in a cluster: tcross ∝ r h 3/2 / √ GM .This dependence of ξ on r h 3/2 cancels the r h 3/2 dependence of t rh such that the radius becomes an unimportant parameter in dN/dt. This can be understood intuitively as follows: for a smaller (larger) radius, relaxation becomes more (less) important, while the escape criterion due to the tidal field becomes less (more) important.
On top of this, Baumgardt (2001) and BM03 showed that the dissolution time scale does not scale linearly with t rh , but rather with a combination of t rh and the crossing time, tcross, because even unbound stars need time to leave a cluster (see Fukushige & Heggie 2000 for details) .
The relevant time scale is
This implies that dissolution time scale in terms of number of stars is
where t dis N is the dissolution time scale if dissolution is expressed in terms of N instead of M . In the range of 10 4 < N < 10 6 we can approximate Λ ≃ 0.02N (Giersz & Heggie 1994) and N/ ln Λ ∝ N 0.80 and so t dis N ∝ N p with p = 0.80x.
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In this paper we describe the dissolution time as a function of M instead of N . Comparing the two expressions t dis ∝ M γ and t dis N ∝ N p we see that γ = p if the mean stellar mass m changes during the clusters lifetime. If m decreases as function of time, i.e. increases as function of M (t), then γ < p, whereas γ > p if m increases with time. We will see below that after an initial phase, dominated by stellar evolution, m increases with time due to the preferential loss of low mass star by tidal stripping. So the values of γ are expected to be slightly higher than the values of p.
Dissolution due to shocks
Clusters can also be destroyed by shocks (e.g. Ostriker et al. 1972 , Spitzer 1987 , Chernoff & Weinberg 1990 , Gnedin & Ostriker 1997 ) due to encounters with spiral arms or giant molecular clouds in the disk of a galaxy, by disk shocking for clusters in orbits inclined with respect to the Galactic 2 Using the total lifetime as an indicator of the dynamical time BM03 found that x = 0.75 for Roche-lobe filling models with an initial concentration factor of the density King-profile W 0 = 5 and x = 0.82 for the more centrally concentrated W 0 = 7 models. This would imply p ≃ 0.60 and 0.66 for Roche-lobe filling models of W 0 = 5 and 7 respectively. plane and by bulge shocking for clusters in highly elliptical orbits.
The mass loss rate due to shocks depends on the cluster half-mass radius, r h , as (dM/dt) ∝ M/ρ h ∝ r h 3 , with ρ h the density within r h . This implies that the mass loss time scale depends on the cluster properties as t dis ≡ −M/(dM/dt) ∝ M/r h 3 , which is proportional to the cluster density. The observed mean mass-radius relation of clusters is not well defined, but Larsen (2004) and Scheepmaker et al. (2007) find a mean relation of r h ∝ M λ with λ ≃ 0.13. So the time scale for mass loss due to shocks is t dis ∝ M 0.61 for a constant mean stellar mass . This dependence is almost the same as that for tidal dissolution.
The expected values of t0 and γ
Based on the arguments of the previous subsections we expect that the combined mass loss by tidal dissolution and shocks can be described by a function of the form
with p ≃ 0.65 and γ > ∼ p. We will use the second expression with the value of γ derived from the N -body simulations of BM03.
In an environment where cluster dissolution is only due to stellar evolution, internal dynamical effects and tidal stripping, t0 depends on the potential field in which the cluster moves. If clusters move in elliptical orbits in a logarithmic potential field, i.e. a constant galactic rotation velocity v Gal , the dissolution time is reduced by a factor 1 − ǫ, compared to a circular orbit at RA, where the eccentricity ǫ = (RA −RP )/(RA +RP ) and RA and RP are the apogalactic and perigalactic distances respectively. This implies that we expect the value of t0 to vary as
where t N ref is a constant, whose value will be derived from the N -body simulations of BM03.
The factors R Gal /8.5kpc and v Gal /220 km s −1 provide a scaling for calculating the dissolution of clusters at different galactocentric distances in other galaxies with constant rotation velocity. The factor 1/m γ is a result of the conversion of N to M if the mean stellar mass m is about constant. We will see below that this yields a very good description of the mass loss rate and M (t) for all models of BM03, if m is chosen appropriately. 3 If other processes, such as encounters with GMCs or spiral density waves, are important, then the value of t 0 will be smaller than predicted by Eq. 11. Wielen (1985) and Lamers & Gieles (2006) found that clusters in the solar neighbourhood are mainly destroyed by encounters with GMCs which reduces t 0 by a factor 4 compared to Eq. 11. Kruijssen & Mieske (2009) have derived the values of t 0 for a number of galactic globular clusters in elliptical orbits, assuming γ = 0.70. 
THE MODELS OF ROCHE-LOBE FILLING CLUSTERS
In this paper we study the results of N -body simulations, in order to understand the way clusters evolve due to dynamical and evolutionary effects. We use the models of Rochelobe filling clusters from BM03 for comparison with our predictions, supplemented with a few models of initially Rochelobe underfilling clusters. Out of the initial 33 models we have selected 25 representative BM03 cluster models. These are chosen because they allow the study of the effects of the different parameters of the models, i.e. initial mass and initial concentration, and of the cluster orbits, i.e. Galactocentric distance and eccentricity. (We found that the information derived from these models also applies to the other 8 models.) The models span a range of dissolution times between 1.5 and 50 Gyr. The selected models are listed in Table 1 .
Parameters of the cluster models
The models are divided into five blocks, separated by horizontal lines in Table 1 . The first three blocks contain models of Roche-lobe filling clusters of different masses with an initial concentration factor W0 = 5, in circular orbits at galactocentric distances of R Gal = 15, 8.5 and 2.83 kpc. The fourth block contains Roche-lobe filling cluster models in circular orbits and with different initial masses, but with a more concentrated initial density distribution, with a King profile of W0 = 7. These will be used to study the effect of the initial concentration on the cluster evolution, by comparing them with the results of the W0 = 5 models. The fifth block contains Roche-lobe filling cluster models with W0 = 5 in elliptical orbits with various eccentricities. All models have a Kroupa stellar initial mass function (IMF), with a mass range of 0.15 to 15 M⊙, an initial mean stellar mass of 0.547 M⊙ and a metallicity of Z = 0.001. The clusters have no initial binaries, but binaries do form during the dynamical evolution, mainly in the high density central region during core collapse. Neutron stars and white dwarfs are retained in the cluster when they are formed (no kick velocities) but may be lost later by dynamical effects. Black holes are not considered in the BM03 models, because of the adopted upper mass limit of 15 M⊙.
The clusters in elliptical orbits (nrs 21 to 25) have about the same initial mass and the same apogalactic distance of RA = 8.5 kpc, but different elliptical orbits with eccentricities 0.2 ǫ 0.8. This implies perigalactic distances of RP = RA(1 − ǫ)/(1 + ǫ) between 0.667 RA and 0.111 RA. For these models the mass loss rates are strongly variable with time: at perigalacticon the rates are much higher than at apogalacticon. The initial values of the tidal radius, halfmass radius etc. in Table 1 refer to the values at perigalacticon.
The data of each model in Table 1 groups, separated by a vertical line. The left group gives the initial model data: model nr, initial mass, initial nr of stars, W0, apogalactic distance, type of orbit with eccentricity, tidal radius rt and half mass radius r h . The middle group gives the various time scales of the models: the time t 1% when M (t) = 0.01Mi, the core-collapse time tcc, the initial half mass relaxation time t rh , the half mass crossing time tcr(r h ) and the initial crossing time at the tidal radius tcr(rt).
The right hand group gives the data that describe the mass loss rates of the models: t0, t0M γ i (which is a proxy of the expected total life time). The values of delay-time t delay and f max ind together describe how the clusters react dynamically to mass loss by stellar evolution (see Sect. 6). The last two columns give the values of t cc 0 , which describes the mass loss rate after core collapse, and jcc which describes the increase in mass loss due to core collapse. The determination of these parameters is described below.
3.2 The mass loss rates of the cluster models BM03 define a star to be lost from a cluster if it is outside the Jacobi radius rJ of the cluster. Stars with a velocity v > vesc but r < rJ are still considered cluster members. On the other hand, the mass lost by stellar evolution (i.e. by winds and supernovae) is assumed to leave the cluster immediately.
We have derived the mass loss rates of the N-body models of BM03. From the output of these model calculations we can separate the mass loss that is due to stellar evolution from the contribution by dynamical effects. There is an important difference between these two mass loss rates. Mass loss by stellar evolution is instantaneous and independent of the structure and orbit of the cluster. On the other hand, mass loss by dynamical effects always proceeds on a slow time scale and needs time to build up. We will see this in the results.
Three phases of mass loss
A study of the mass loss rates of the BM03 models shows that three mass loss phases can be recognized. This is depicted in Fig. 1 for two models (nrs 6, 12), which shows the variation of (dM/dt) as function of M and t. In the first phase (A) mass loss is dominated by stellar evolution and so the mass loss rate drops steeply with time. In the second phase (B) mass loss is dominated by dynamical effects and the mass loss rate behaves approximately as a power law of (dM/dt) ∝ M 1−γ (see Sects. 2.2.1 and 2.2.2). The third phase (C) is after core collapse. Mass loss is also dominated by dynamical effects, but the mass loss rate is higher than before core collapse. This has been noticed before in the mass evolution of cluster models, e.g. Baumgardt (2001) . The separation between the three regions is not as strict as suggested in Fig. 1 because the different effects overlap near the boundaries (see below).
In the next three sections we discuss the three mass loss phases and how they depend on the cluster parameters and the environment.
DIRECT AND INDUCED MASS LOSS BY STELLAR EVOLUTION
Mass loss during the early history of clusters (phase A in Fig. 1 ) is dominated stellar evolution. At very early stages only stellar evolution contributes to the mass loss. But very soon thereafter, the mass loss rate (dM/dt) of all models is higher than (dM/dt)ev. This is seen best in the right hand panels of Fig. 1 , where the mass loss rates are plotted versus time: the difference between the total mass loss rate (top lines) and the mass loss by evolution (dotted line) is much larger than the mass loss by dissolution (almost straight line), which will be discussed below. This shows that during the early phases, when the mass loss is dominated by stellar evolution, Roche-lobe filling clusters lose an extra amount of mass (in the form of stars) by dynamical effects, induced by the mass loss due to stellar evolution. This evolution-induced mass loss is due to the fact that the cluster radius expands and the tidal radius shrinks due to evolutionary mass loss.
For adiabatic models, we expect that the evolutioninduced mass loss rate, (dM/dt) ev ind will be about equal to the mass loss rate by stellar evolution, (dM/dt)ev. This can be understood as follows.
If a cluster loses a fraction δ << 1 of its mass M0 on a time scale longer than its crossing time, the cluster will adiabatically expand such that its radius, relative to its initial radius, is r/r0 = M0/M ≈ 1 + δ. At the same time, the mass loss causes the Jacobi radius to shrink:
The mass in the shell between 1 − δ/3 < r/rJ0 < 1 + δ is consequently unbound since it is outside the new Jacobi radius. For a logarithmic potential, the density at rJ0, ρ(rJ0), is 6 times lower than the mean density within rJ0:ρ J 0 = 3M0/(4πr 3 J 0 ). The mass ∆M that is in the unbound shell is thus ∆M = 4πr 2 J 0 ρJ0∆r, with ∆r = 4δrJ0/3, such that ∆M = (2/3)δM0. In fact, ∆M will be slightly higher because we have adopted the lower limit for the density in the outer layers of the cluster. So we may expect that evolutionary mass loss rate induces about the same rate of evolution-induced mass loss, (dM/dt)
A study of all models shows two deviations from this simple expectation. (i) The value of f ind is only about unity for models for which (dM/dt)ev >> (dM/dt) dis . This is the case for models with a very long lifetime of ttot > 25 Gyr. If the mass loss by dissolution in the early lifetime of the cluster cannot be ignored, the evolution-induced mass loss rate is smaller. Therefore f ind will be smaller than unity.
(ii) The evolution-induced mass loss does not start at t = 0 but it needs time to build up. We can expect that the time scale for this build-up will be of the order of the crossing time at the tidal radius, because this is the time scale on which stars can leave the cluster by passing the tidal radius due to the reduction of the depth of the potential well.
A study of all the cluster models shows that we can describe the evolution-induced mass loss rate by 
We assume that the growth of the evolution-induced mass loss approaches its maximum value in an exponential function of the delay time scale
The delay time scale is expected to depend on the crossing time at the tidal radius, so
Eq. 13 describes the increase of f ind (t) from 0 to f max ind with a time scale of t delay . Figure 2 shows the function f ind for two models. The figure shows that the exponential expression describes the delay function quite well.
The values of n delay turn out to be about 3.0 for all Roche-lobe filling models. Therefore we have adopted this value for all models. (see Table 1 ).
The values of f max ind listed in Table 1 show that f max ind = 1 only for the clusters with very long lifetimes larger than about 25 Gyr. For clusters with shorter lifetime f max ind does not reach this value, because the contribution by dissolution helps to restore the equilibrium that was destroyed by the fast mass loss due to stellar evolution. Therefore we expect the value of f max ind to depend on the ratio between the evolutionary mass loss, (dM/dt)ev = M (dµ/dt)ev and the mass loss by dissolution, −M/t dis with t dis = t0M γ . The smaller the ratio (dM/dt) dis /(dM/dt)ev the larger f 
DISSOLUTION BEFORE CORE COLLAPSE
We first consider the dynamical mass loss in phase B, i.e. before core collapse, which is expected to vary as
This mass loss is due to two-body relaxation (dissolution) plus the induced loss of stars due to the expansion of the cluster and the shrinking of the tidal radius. In order to derive the value of γ we study the dependence of (dM/dt) dis on M (t) for all models of clusters in circular orbits. For the determination of the mass loss by dissolution we have corrected the total mass loss rate for both the evolutionary and the evolution-induced mass loss rate.
The empirical value of γ before core collapse
The upper left panel of Fig. 4 shows the mass loss rates as a function of mass of models 1 to 15, i.e. for clusters with W0 = 5. For each model the mass loss rates are measured in the mass interval where the evolutionary mass loss is small, (dM/dt)ev < 0.1(dM/dt), up to core collapse. So each model occupies a limited region in the M (t)-range. The mass loss rates are corrected for evolutionary and evolution-induced mass loss. The mass loss rates are normalized to R Gal = 8.5 kpc and to the mean stellar mass, to make the curves overlap. This is possible because we expect from Eqs. 10 and 11 that dM dt
where m is the mean stellar mass and mi is the initial mean stellar mass. We see that the curves nicely overlap. We have fitted a straight line through the data with a slope 1 − γ = 0.35 ± 0.02. This implies that γ = 0.65 ± 0.02. (The appearance of γ in the term (m/mi) γ ≃ 1 implies that we had to derive the value of γ in two iterations.) We will adopt γ = 0.65 for the W0 = 5 models in the rest of the paper. This agrees with observations of star clusters in M51 (Gieles 2009 ). and with the N-body simulations of clusters without stellar evolution by .
The middle left panel shows the relation for the normalized mass loss rates for the models with W0 = 7. Each model occupies only a small part in this diagram because the pre-core collapse time of these models is short: only about half as long as that of the W0 = 5 models. Nevertheless, we see that there is a clear power law dependence on M with a slope of 1 − γ = 0.20 ± 0.04 which implies γ = 0.80 ± 0.04. We adopt γ = 0.80 for the pre core collapse phase of the W0 = 7 models. This value is higher than for the W0 = 5 models, as expected (see Sect. 2.2.1).
The dissolution parameters t0 and t N ref
We have fitted the mass loss rates of the BM03 models in phase B, i.e. the pre-core collapse phase, with a function (dM/dt) dis = −M 1−γ /t0 with γ = 0.65 and 0.80 for the models with W0 = 5 and 7 respectively. The values of the mean stellar mass in that phase is also derived from the details of the BM03 models. The values of t0 are listed in Table 1 . We see that they are approximately constant for the W0 = 5 cluster models at the same value of R Gal and that for clusters in different orbits t0 ∝ R Gal , as expected (Eq. 11).
Fig. 5 (top panel) shows the relation between t0 and t0M γ i , which is a proxy for the total lifetime of the cluster, for all models. For each value of R Gal the values of t0 decrease slightly with decreasing t0M γ i . This is because t0 is expected to depend on m −γ (Eq. 11) and the mean mass in the pre-core collapse phase depends on t0M γ i . The vertical offset between the relations for different values of R Gal is because t0 is also expected to be proportional to R Gal (Eq. 11). The difference in the values of t0 between models of W0 = 5 and 7 at the same R Gal is due to the difference in the value of γ. In fact, for clusters with Mi = 10 4 M⊙ the dissolution time scale t dis = t010 4γ of a W0 = 5 cluster is about the same as that for a W0 = 7 cluster.
The values of t0 are measured after the stellar evolutiondominated phase but before core collapse. This is when M (t)/Mi ≡ µ is approximately between 0.4 and 0.15, with a mean value of < µ >≃ 0.25. The middle panel of Fig. 5 shows the values of m in the pre-collapse phase at µ = 0.25 These two relations are shown in the figure. The increase of m towards shorter lifetimes is because at a given fraction of its lifetime the maximum mass of a star in a cluster with a short lifetime is higher than in case of a longer lifetime due to stellar evolution (see also Sect. 5.3). The lower panel of Fig. 5 shows the value of
, which is expected to be constant, t N ref (see Eq. 11). We see that the values are indeed about constant with log(t N ref /Myr) = 1.125 ± 0.016 for W0 = 5 models and 0.550±0.015 for W0 = 7 models. For clusters with total ages less than about 3 Gyrs, the values are slightly smaller. This is due to the fact that these clusters still contain massive stars over most of their lifetime and massive stars are effective in kicking out lower mass stars (BM03).
The evolution of the mean stellar mass
The time variation of m for the different models is shown in Fig. 6 . The top panel shows the time evolution of m (plotted in terms of µ) for all models with W0 = 5 and 7 in circular orbits. The lower panel shows the mean mass as function of time in terms of t/t 1% . The mean stellar mass initially decreases due to the loss of high mass stars by stellar evolution, but then increases again with age due to the preferential loss of low mass stars by dynamical effects. The minimum value is reached for all models at t ≃ 0.2t 1% . This is the time when the cluster is fully mass segregated after which the low mass stars in the outer part of the cluster are lost preferentially (BM03). For models with a short total dissolution time the minimum mass is higher than for models with a long lifetime. Notice that after mass segregation m increases as a power-law of µ with m ∝ µ −δ with δ ≃ 0.30 for all BM03 models, including the ones not shown here.
The middle panel of Fig. 5 shows that the mean stellar mass of the W0 = 7 models is slightly larger than for the less concentrated W0 = 5 models. This is due to the fact that core collapse occurs earlier in the more concentrated W0 = 7 models and so the value of t0 in the pre-core collapse phase refers to an earlier time than in the W0 = 5 models. Fig.  6 shows that m increases with age, so it is smaller in the pre-core collapse phase of the W0 = 7 models.
The start of the dissolution process
We have derived the mass loss by dissolution for the BM03 models from the output files of these models. The data show that the dissolution does not start at t = 0 but needs time to develop, just like the evolution-induced mass loss needs time to get going. This can be seen in Fig. 1 which shows that at very early times the total mass loss rate is equal to the evolutionary mass loss, without any contribution by dynamical effects. The time needed to develop the dynamical dissolution depends on the crossing time at the tidal radius and is expected to behave in the same way as the growth of the evolution-induced mass loss rate. Therefore we can describe the dissolution before core collapse as
with f delay given by Eq. 14. The delay-time of the dissolution is a result of the initial conditions of the cluster models which start without stars with escape velocities. This might not be realistic. If clusters form in a collapsing cloud and go through a phase of violent relaxation, the tail of the Maxwellian velocity distribution is initially filled and dissolution will start immediately.
DISSOLUTION AFTER CORE COLLAPSE
We now consider the dissolution in phase C, i.e. after core collapse. Fig. 1 shows that the mass loss rate increases by a small factor at about tcc and that the slope 1 − γ of the log −(dM/dt) dis vs log M relation is different from that in phase B.
The time of core collapse, tcc
The core collapse times, listed in Table 1 , are derived empirically from the N -body calculations. Theory predicts that core collapse occurs after about a fixed number of central relaxation times, trc, (e.g. Spitzer 1987, p.95) . However as the cluster evolves, it loses mass and expands, so trc changes continuously. Therefore we search for an empirical expression of tcc in terms of the initial values of t rh and R Gal (see Fig. 7) . A linear regression analysis shows that we can approximate tcc of all Roche-lobe filling cluster models, including those with W0 = 7 and elliptical orbits, to an accuracy better than about 0.05 dex by the following relations log (tcc) = 1.228 + 0.872 × log(t rh )
6.2 The value of γ after core collapse
Core collapse changes the density distribution of the stars in the clusters, so that it becomes independent of the initial distribution. Therefore we expect the values of γ in phase C to be the same for all the models. The right hand panels of Fig. 4 show the normalized dissolution rate, given by Eq. 17, after core collapse for cluster models with W0 = 5 (top) and W0 = 7 (middle). Each model occupies a certain mass range, starting at core collapse down to about M (t) = 10 2 M⊙. Notice that, apart from a small vertical offset, the sets of models show very similar lines with a slight curvature, in the sense that the slope gets steeper towards lower mass. The empirical relations can be fitted very well with a broken power-law relation
with γcc = 0.70 for M (t) > 10 3 and γcc2 = 0.40, where the subscript 2 refers to the mass loss at M (t) < 10 3 M⊙. These values are the same for W0 = 5 and 7 clusters, because core-collapse results in a redistribution of the density profile which becomes nearly independent of that in the precollapse phase. Continuity of the mass loss rate at M (t) = 10 3 M⊙ requires that t Fig. 4 is the result of the changes in the Coulomb logarithm towards smaller numbers of stars (Eq. 9). This can be shown as follows. Adopting for simplicity a mean stellar mass of m ≃ 0.5 M⊙ we predict (Eq. Heggie 1996 ) with x ≃ 0.75 
The smaller mean mass of the W0 = 7 models at core collapse is due to the fact that core collapse occurs much earlier than for the less concentrated W0 = 5 models, so that the preferential loss of low mass stars had a smaller effect (see Fig. 5 because of the larger noise in the (dM/dt) -vs -M relation due to the smaller numbers of stars (see Fig. 1 ). We see that t N ref,cc is slightly different for W0 = 5 and 7 models. This can be understood because inside a cluster the relaxation time increases with radius, so the outer cluster parts still keep some memory of the initial distribution by the time the center has gone into collapse.
CLUSTERS IN ELLIPTICAL ORBITS
Models 21 to 25 are for clusters in elliptical orbits with a apogalactic distance of 8.5 kpc and various eccentricities. These can be compared with an otherwise similar model nr 8 in a circular orbit. Fig. 8 shows the mass loss of models 8, 21 and 23, with ǫ = 0.0, 0.2 and 0.5 respectively. Since the total lifetime of the clusters scales approximately as (1 − ǫ), the lifetimes of the clusters are very different (see Table 1 ). The evolution can be described by the same three phases that we found for all other models: a stellar evolution dominated phase (A), a dissolution dominated phase before core collapse (B) and the phase after core collapse (C). The mass loss rates in all phases is variable with a periodicity of the orbital period. The mass loss rate is highest at perigalacticon and the amplitude of the variations increases with increasing ellipticity. Especially after core collapse the amplitude increases drastically. This is due to the expansion of the outer layers of the cluster as a reaction to the core collapse. The stars in the outer layers are then more susceptible to the periodically changing tidal field. Only the models with ǫ = 0 and 0.2 show a jump in the mass loss rate at the time of core collapse. For clusters in more eccentric orbits no clear jump is observed at core collapse, but the mass loss rate does increase compared to the simple power-law extrapolation of phase B.
The straight full lines in Fig. 8 show the values of γ defined by −(dM/dt) dis = M 1−γ /t0. Both the values of γ and of t0 describe the "time averaged" mass loss rate as a function of the mass. These values were derived from a study of the M (t) history for these models. The values of t0, n delay , f max ind and t cc 0 are listed in Table 1 . Fig. 9 shows the values of t0, m and t N ref of clusters in elliptical orbits (models 20 to 25) before and after core collapse respectively. We have added the data of model 8 which has the same initial mass, W0 and the same R Gal but a circular orbit. The values are compared with those of clusters with W0 = 5 at R Gal = 8.5 kpc but with different masses (dashed lines), taken from Figs. 5. Notice that the models in eccentric orbits have very similar characteristics compared to those in circular orbits, if we correct for the effect of eccentricity by a factor (1 − ǫ) −1 in t0 and t cc 0 . BM03 already concluded that the total life time of clusters is proportional to (1 − ǫ). We find here that the "orbital averaged" mass loss rates before and after core collapse both scale with (1 − ǫ) −1 .
The main difference between the cluster models in circular and elliptical orbits is in the mean stellar mass at core collapse (compare the middle panels of Figs. 5 and 9). For clusters in circular orbits mcc increases towards shorter lifetimes, whereas mcc is about constant for clusters with the same apogalactic radius but different ellipticities. This is because the BM03 models are Roche-lobe filling at perigalacticon so both t rh and tcc decrease steeply with increasing eccentricity. The combination of a short lifetime (i.e. a higher maximum star mass at tcc) and a smaller ratio of tcc/t0M γ i (i.e. fewer low mass stars are lost after mass segregation) results in mcc being almost independent of ǫ. This is illus- Figure 8 . The mass loss rates of clusters with elliptical orbits with eccentricities of 0 (upper), 0.20 (middle) and 0.5 (bottom). A = dominated by stellar evolution, B = dominated by dissolution, C = dominated by dissolution after core collapse. The line separating phases B and C indicates the core collapse time. The figure shows (dM/dt) versus M in logarithmic units. The full upper line is the total mass loss rate; the dashed line is the mass loss by stellar evolution; the full smooth lines are the mass loss by dynamical effects, assumed to scale as a power law of M , before and after core collapse. The models are defined by a vector containing: model nr, nr of stars, total lifetime (in Gyrs), concentration parameter W 0 , R G (in kpc), and orbit. trated in Fig. 10 , which shows the variation of m with µ and the mean mass at core collapse, which is almost constant.
The core collapse time of the clusters in elliptical orbits, shown in Fig. 7 , is slightly longer than predicted by Eq. 20 by about 20 percent. This is because the values of t rh , listed in Table 1 , refer to perigalacticon, which is smaller than the orbital-averaged values of t rh . Because we are also interested in the mass history of initially highly concentrated clusters, i.e. with a half-mass radius much smaller than their tidal radius, we have supplemented the set of Roche-lobe filling cluster models with N -body simulations of a series of clusters that start severely Rochelobe underfilling. These are for clusters with an initial mass in the range of 10400 to 84000 M⊙, in circular orbits at R Gal = 8.5 kpc and with an initial density distribution described by a King parameter of W0 = 5. The metallicity is Z = 0.001. These cluster models have an initial half mass radius of r h = 1, 2 or 4 pc. The stellar IMF of these clusters is different from those of the Roche-lobe filling model. They have a Kroupa mass function in the range of 0.10 to 100 M⊙, with an initial mean stellar mass of 0.623 M⊙. In these models 10% of the formed neutron stars and black holes are retained in the cluster. The models were calculated for this study. The parameters of the models are listed in Table 2 . For the study of the mass loss by dissolution we define an "underfilling factor" F, which is defined as the ratio of the initial half-mass radius of the cluster model, r h , and the half-mass radius r rf h of a Roche-lobe filling cluster with the same King parameter W0.
where rJ = r rf t is the Jacoby radius, i.e the tidal radius of a Roche-lobe filling cluster, and r W 0 t is the end of the density profile of a cluster with fixed values of r h and W0. Note that F = 1 for Roche-lobe filling clusters and < 1 for Roche-lobe underfilling clusters. In this expression (r h /rt) rf 5 = 0.187 and (r h /rt) rf 7 = 0.116 are the ratios for a Roche-lobe filling cluster with an initial density distribution of W0 = 5 and 7 respectively. (The same definition of F was used by in their theoretical study of the mass loss of Roche-lobe underfilling clusters.) The values of F5 are listed in Table 2 . We will show below that for the description of the dissolution of the Roche-lobe underfilling models the parameter F7 = 1.612F5 is more important than F5.
Dissolution before core collapse
The mass loss of the Roche-lobe underfilling models can be described in the same way as for the Roche-lobe filling models. The resulting fitting parameters are listed in the right hand block of Table 2 .
The first phase is dominated by stellar evolution. However in this case there is no evolution-induced mass loss. This is because the clusters are initially well within their tidal limit. So the mass loss by stellar evolution does produce an expansion of the radius, but this expansion does not immediately reach the tidal radius. This is reflected in the values of f max ind = 0.0 for all models, except uf3 and uf6. These two are the least Roche-lobe underfilling models with F5 = 0.66 and 0.53 respectively. The value of f max ind can then be described in a similar way as for Roche-lobe filling clusters, Eq. 16, but with a correction term that depends on the underfilling factor,
with a maximum of 1 and a minimum of 0 and γ = 0.80 (see below). The dissolution before core collapse can be expressed by a power law approximation of (dM/dt) norm dis versus M , with (dM/dt) norm dis defined by Eq. 17. The lower left panel of Fig.  4 shows the relation between log((dM/dt) norm dis ) and log (M ). Because the core collapse time of the Roche-lobe underfilling models is short, each model contributes only to a small part of the mass range. We found that 1 − γ uf = 0.20 ± 0.05 gives a good fit to these plots, so we adopted γ uf = 0.80. We note that this value is the same as for the Roche-lobe filling clusters with W0 = 7, whereas the initially Roche-lobe underfilling clusters have an initial concentration of W0 = 5. However, a study of the expansion of severely Roche-lobe underfilling clusters by means of N -body-simulations has shown that the initial expansion due to mass loss redistributes the density close to that of a W0 = 7 model, in agreement with our derived value of γ uf = 0.80.
The tendency of clusters to evolve to a W0 ≃ 7 model was noticed by Portegies Zwart et al. (1998) . In initially strongly concentrated clusters, W0 > 7, dynamical friction quickly drives the massive stars to the center where they will lose mass due to stellar evolution. This results in an expansion of the core and a less steep density profile, so W0 decreases. On the other hand, in clusters with a less steep initial concentration, W0 5, dynamical friction is less efficient and the massive stars lose mass by stellar evolution before they reach the center. So the cluster expands more homogeneously due to evolutionary mass loss. After the massive stars have undergone stellar evolution, dynamical effects take over and the core shrinks due to the approaching core collapse, so the density distribution becomes more concentrated and W0 increases.
Once the cluster has expanded to about the tidal radius, the dissolution is very similar to that of a Roche-lobe filling cluster with W0 = 7. This is reflected in the values of t uf 0 which range from 5.4 to 7.5 Myr, whereas the values of t0 for the comparable Roche-lobe filling models, nrs 16 to 19, range from 6.0 to 6.5 Myr. Part of the difference is due to differences in the mean stellar mass, because the two sets of models have different IMFs.
Dissolution of the Roche-lobe underfilling models needs more time to get started than Roche-lobe filling models, because the clusters first have to expand to the tidal limit. This is a slow process that occurs on the relaxation time scale. This is shown in Fig. 11 which shows the ratio t delay /t rh as a function of the Roche-lobe underfilling factor F5, for different values of r h . The values of t delay /t rh range from about 0 to 4 for the models considered here. The figure shows that we can approximate 
with all ages in Myr. This equation is valid for −1.0 < log(F5) < −0.20. For Roche-lobe filling clusters with log(F5) > −0.20 the delay time does not scale with t rh but with the crossing time at the tidal radius and t delay ≃ 3.0 tcr(rt) (Sect. 4). So, for strongly Roche-lobe underfilling models the delay time scales with the initial value of t rh , but if the underfilling factor approaches F = 1 the delay time is much shorter and scales with tcr(rt). The dissolution before core collapse can now be expressed by Eq. 19 with f delay given by Eq. 14 and t delay approximated by Eq. 25. The mean stellar mass before core collapse depends both on t0M γ i and on F and not only on t0M γ i as is the case for the Roche-lobe filling clusters. This is because the core collapse time tcc depends on F and so the amount of mass that the cluster has lost before core collapse also depends on both t0M γ i and t rh . We find that we can express the mean stellar mass before core collapse, i.e. between t(µ = 0.25) and tcc, as log m = 0.139 − 0.0984 log(t0M
We have expressed m in terms of F7 (with F7 = 1.612F5, Eq. 23) instead of the initial value of F5 because the initial expansion of the clusters redistributes the density to about a W0 = 7 model (see above). The relation has about the same This shows that there is a smooth transition between the dissolution parameter for Roche-lobe filling and underfilling clusters. The fits are shown as three partially overlapping dashed lines for models of r h =1, 2 and 4 pc in the lower part of Fig. 12 .
Dissolution after core collapse
The time of core collapse is expected to scale with the half mass relaxation time. Fig. 13 shows tcc as a function of t rh and the initial Roche-lobe underfilling factor r h /rt. In Sect. 6.1 we found that tcc ∝ t rh 0.872 for Roche-lobe filling clusters. We find that for Roche-lobe underfilling clusters the dependence of tcc on t rh can be described by the same power 
(In this case F5 is the crucial parameter, rather than F7, because the initial relaxation time t rh is defined for the initial density distribution with W0 = 5.) The smaller the underfilling factor, the larger tcc for a given value of t rh . This is because clusters that are initially strongly Roche-lobe underfilling expand more strongly and so t rh (t) increases more strongly with time, which results in a larger ratio of tcc/t rh . In the limit of F5 = 1, i.e. for Roche-lobe filling clusters Eq. 28 predicts that log(tcc) ≃ 1.50 + 0.872 log(t rh ). This can be compared with the value for Roche-lobe filling clusters of log(tcc) ≃ 1.23 + 0.872 log(t rh ) (Eq. 20). So Roche-lobe underfilling clusters need about twice as many "initial" relaxation times to go into core collapse as Roche-lobe filling clusters. This is because of their stronger expansion and the fact that they do not push stars over the tidal boundary while evolving towards core collapse. A study of the relation between (dM/dt) norm dis and M (t) of the various Roche-lobe underfilling models shows that the dissolution after core collapse can be described by the same values of γcc as for the Roche-lobe filling cluster models, i.e γcc = 0.70 if M (t) > 10 3 M⊙ and γcc2 = 0.40 if M (t) < 10 3 M⊙ (see lower right panel of Fig. 4 ). This is due to the fact that core collapse results in a redistribution of the density in the cluster and erases the memory of the pre-collapse phase. The values of t cc 0 of the Roche-lobe underfilling models are listed in Table 2 . They are plotted versus t0M The relation has the same slope as that of the Roche-lobe filling clusters after core collapse (Eq. 22) but the constant 0.178 for clusters with F7 = 1 is different from the 0.075 of Roche-lobe filling clusters with W0 = 7, which indicates a higher mean mass at core collapse. This is mainly due to differences in the IMF of the two sets of models. 70 for these models is about constant but with a significant scatter. This shows that there is a small residual effect of the initial underfilling factor in the dissolution after core collapse. We found that we can approximate log(t 
The constant 0.875 is slightly larger than the value of 0.796 for Roche-lobe filling models of W0 = 7. Fig. 14 shows the history of the mean stellar mass in the Roche-lobe underfilling cluster models as a function of µ. The trends are approximately the same as in Fig. 6, i. e. an initial decrease due to the loss of massive stars by stellar evolution followed by an increase of m after mass segregation has been established and low mass stars are lost preferentially. The difference is due to the different initial stellar IMF, which have an initial m = 0.623 M⊙ instead of 0.547 for the Roche-lobe filling models. Moreover, in the Rochelobe underfilling models 90% of the black holes and neutron stars is ejected whereas they were all retained in the Rochelobe filling models. Both effects influence the evolution of m (Kruijssen 2009 ). The decrease of m is stronger than for the Roche-lobe filling models because the IMF of the Roche-lobe underfilling models reaches up to 100 M⊙, whereas the IMF of the other models reaches to 15 M⊙. We see that m of the Roche-lobe underfilling models reaches its minimum at the same value of t ≃ 0.15ttot as the other models. This shows that full mass segregation is reached at the same fraction of the total lifetime, independent of the initial radius. Figure 14 . The evolution of the mean stellar mass in the Rochelobe underfilling clusters as a function of µ. The diamonds indicate the moment when t = 0.15ttot, at which time the mean mass reaches its minimum value due to mass segregation.
THE RELATION BETWEEN THE CLUSTER LIFETIME AND t0M
γ i
The lifetime of clusters depends on time scales for mass loss by stellar evolution, and the dissolution constants t0 and t cc 0 before and after core collapse. Stellar evolution dominates the mass loss only during the first part of the cluster lifetime and typically removes about 20 to 40% of the cluster mass, after which dissolution takes over. Since the dissolution timescales before and after core collapse both depend on the strength of the tidal field in which the cluster moves, we may expect that the cluster lifetime depends largely on t0Mi γ . This is confirmed in Fig. 15 , which shows a very tight relations between t0 × Mi γ and t 1% . For clusters with an initial density concentration described by W0 = 5 and W0 = 7 in circular and elliptical orbits we find log(t 1% ) = 0.518 + 0.864 × log(t0Mi 
THE PREDICTED MASS HISTORY OF STAR CLUSTERS
In the previous sections we have described the interplay between the different mass loss processes of star clusters. Based on these results we derived a recipe for calculating the mass evolution of star clusters in different environments. The recipe is described in Appendix A.
The contribution of different effects to the mass loss
The mass loss from star clusters is due to several effects: stellar evolution, evolution-induced loss of stars, and dissolution (relaxation-driven mass loss) before and after core collapse. Fig. 16 shows the contributions of these different effects for two characteristic models, # 15 which has a lifetime of t 1% = 1.3 Gyr and # 2 with t 1% = 26.9 Gyr. The two models show that clusters with a long lifetime (> 20 Gyr) lose about 35% of their mass by stellar evolution, 15% by induced mass loss and the remaining 50% by dissolution. Clusters with a short lifetime (< 5 Gyr) lose more than 60% by dissolution, less than about 30% by stellar evolution, and less than 10% by induced mass loss. This is because the short lifetime is the "result" of a strong mass loss by dissolution, which does not leave much time for the cluster to lose a large fraction of its mass by stellar evolution.
Predicted M(t) of the total mass of clusters
We have calculated the M (t) history of all cluster models listed in Table 1 with the recipe described in Appendix A. A subset of the results is shown in Fig. 17 . The sample shown contains models with W0 = 5 with a large (64k or 128k) and small (8k) number of stars at respectively R Gal = 15, 8.5 and 2.63 kpc; two models with W0 = 7 (128k and Figure 16 . The contribution of different mechanisms to the mass loss of two cluster models with a short (model 15, left) and a long (model 2, right) lifetime. The induced mass loss is small for clusters with a short lifetime of t 1% = 1.3 and 26.9 Gyr respectively. 8k); two models in elliptical orbits (ǫ = 0.2 and 0.5); and five Roche-lobe underfilling models with different numbers of stars and initial half mass radii. The agreement is good for all models of clusters in circular and elliptical orbits, with initial concentrations W0 = 5 and 7, and for the Roche-lobe underfilling clusters, including the ones not shown here. For cluster models in the original BM03 sample that are not discussed in this paper, the agreement is equally good. The different models have different shapes of M (t)/Mi versus t/t 1% . Clusters with a long lifetime (t 1% > 20 Gyr, high Mi) show a strong drop in mass during the first 5% of their life, due to stellar evolution and induced mass loss, followed by a more gentle decrease. Clusters with a short lifetime (t 1% < 10 Gyr, low Mi) show a more gradual concave shape. All models show a bump in the M (t)-plot near the core collapse time: the mass loss rate is about twice as high after core collapse than before.
The shapes of the M (t) relations are all convex with various degrees of curvature. Only those cluster models for which core collapse occurs about halfway through their lifetime show a more or less linear mass history (e.g. models 16, uf09 and uf10).
DISCUSSION
We have shown how the different mass loss effects of star clusters interact in the determination of their mass history. We have also derived a recipe for calculating the mass loss history of star clusters in different environments and with different metallicities and stellar initial mass functions. This study is based on the N -body simulations by BM03, supplemented with newer N -body simulations of Roche-lobe underfilling clusters, so the results are dependent on the characteristics of these models. The N -body models that we used are relatively simple: the clusters start in virial equiliblium, without primorial mass segregation, without primordial binaries and with stars in isotropic orbits. The study of these simple models, which are valid after the gas expulsion phase, are a first step to understand the complicated interplay between the various dynamical effects in clusters. The models can be refined later when observational evidence shows which assumptions have to be improved.
We discuss the major assumptions of the models, how they may have influenced our results, and how they can be taken into account in the recipe for computing M (t).
(a) The BM03 models are Roche-lobe filling. This is a good assumption for open clusters and globular clusters which are close to the galactic centre or have very large half-mass radii. However, the majority of globular clusters probably formed with half-mass radii around 1 pc and therefore started strongly Roche-lobe underfilling (Baumgardt, Kroupa & Parmentier 2008b) . Some of these are still underfilling at present (Baumgardt et al. 2010) (b) The models that we used do not have initial mass segregation. The question of the initial mass segregation is still open. Baumgardt et al. (2008a) found that the present overall mass function of most globular clusters can be explained without invoking initial mass segregation, but some clusters require initial mass segregation to explain their present mass function. Observations of young clusters, age <50 Myr, show evidence for mass segregation, e.g. Brandl et al. (1996) for R136; Hillenbrand and Hartmann (1998) for the Orion Nebula Cluster; McGrady et al. (2005) for M82-F. However, de Grijs et al. (2002) argued that this does not necesaarily imply initial mass segregation because the timescale for the dynamical segregation of high mass stars in young massive clusters may be very short. Dynamical mass segregation has been taken into account in the models we used in this study.
(c) The models have no primordial binaries, but only dynamically formed binaries. It is expected that real clusters contain a large fraction of initial binaries (Elson et al. 1998 , Hut et al. 1992 , Hu et al. 2006 , Sommariva et al. 2009 ). However only hard binaries influence the cluster dynamics as they can heat the cluster and prevent core collapse (Hut et al. 1992) . Küpper et al (2008) have shown that the escape rate is hardly affected by binaries.
(d) Stellar remnants are initially retained in the BM03 cluster models, i.e. they are not ejected by a kick-velocity. The new Roche-lobe underfilling models have a 10% retention factor of black holes and neutron stars. The retention of the remnants implies that the model clusters at older ages contain a large fraction of neutron stars which are more massive than the average stellar mass. Clusters with a large fraction of massive remnants will dissolve faster due to the higher average stellar mass. Also the depletion rate of low mass stars could be different (Kruijssen 2009) .
(e) The effects of bulge shocks are included in the models of clusters in eccentric orbits. However, disk-shocking is not included in our models. Vespirini and Heggie (1997) have studied the effect of disk-shocking. Based on their results (see their Fig. 21) we conclude that the effect of disk-shocks on decreasing the lifetime of clusters is small, especially for clusters beyond the solar circle and for massive clusters. Our models also do not include the effects of shocks by spiral density waves or passing GMCs. The latter effect is thought Figure 17 . The M (t) history of a representative set of cluster models: 6 models in circular orbits with W 0 = 5, two with W 0 = 7, two in elliptical orbits, and 5 Roche-lobe underfilling models. The models of the Roche-lobe filling clusters are specified by a vector containing: model nr, number of stars, W 0 , R Gal in kpc and orbit. The models of the Roche-lobe underfilling clusters are specified by: model nr, number of stars, W 0 , R Gal in kpc and r h in pc. Full lines: derived from N -body simulations of BM03 or from the sample of Roche-lobe underfilling models presented here. Dotted line: predicted with the parameters listed in Tab. 1. Dashed lines: predicted by the method described in Appendix A. The upper dash-dotted line shows the fraction of the mass that is lost directly by stellar evolution. The vertical tickmarks indicate the time of core collapse from the models (full) and calculated with Eqs. 20 and 28 (dashed).
to be the main destruction mechanism for clusters in the Galactic plane (e.g. Lamers & Gieles 2006) and probably also in GMC-rich interacting galaxies . These effects will increase the dissolution compared to that of the BM03 models. However they can easily be accounted for in the recipe that we derived for calculating M (t), by simply adopting a smaller value of the dissolution parameter t0. This correction is justified because shocks will remove stars from the outer regions of the cluster in approximately the same way as the tidal field.
(f) The models are calculated for a given stellar initial mass function, (a Kroupa mass function of 0.15 < m < 15 M⊙ for the BM03 models and a Kroupa mass function of 0.10 < m < 100M⊙ for the new Roche-lobe underfilling models) and for a given metallicity of Z = 0.001. The mass loss by stellar evolution depends on these assumptions. However, the recipe that we derived allows the choice of different metallicities and different IMFs, by applying the approximate formulae that describe the mass loss by stellar evolu-tion and the formation of remnants for a grid of metallicities listed in Appendix B.
(g) We assumed that the cluster move in a spherical logarithmic potential with a constant rotation speed. This implies that we may have underestimated the effect of diskshocking, which is important for clusters in disk galaxies. A study of the effects of a non-spherical halo and the resulting non-circular orbits with disk-shocking has to be postponed to future studies. (The use of GPUs for the computations of cluster dynamics will allow a significant expansion of the parameter space of cluster models.)
SUMMARY AND CONCLUSIONS
Based on N -body simulations by BM03 of the evolution of Roche-lobe filling star clusters of different initial concentrations and in different orbits in the Galaxy, and on a new sample of Roche-lobe underfilling clusters in circular orbits, we have studied the interplay between the different mass loss effects: mass loss by stellar evolution, loss of stars induced by stellar evolution, and dynamical mass loss (referred to as "dissolution") before and after core collapse.
At young ages stellar evolution is the dominant effect. The fast (adiabatic) evolutionary mass loss results in a simultaneous expansion of the cluster and a shrinking of its tidal (Jacobi) radius. So the outer cluster layers become unbound. This evolution-induced mass loss contributes to the overall mass loss if the cluster is deeply emersed in the tidal field, i.e. if the cluster is initially filling its tidal radius. The evolution-induced mass loss rate is proportional to the mass loss rate by stellar evolution but it is smaller for clusters with a mass loss rate by dissolution larger than the mass loss rate by stellar evolution. This is for instance the case for low mass clusters or for clusters in orbits close to the Galactic center. The N -body models show that the induced mass loss does not start immediately, but that it needs time to build up. This build-up can be described by an exponential function (Eqs. 13 and 14) with a delay time scale of a few, typically 3, times the crossing time at the tidal radius. For Roche-lobe underfilling clusters the delay time scale is much longer, of the order of a few half mass relaxation times, because the cluster first has to expand to the tidal radius. The actual value depends on the initial Rochelobe underfilling factor. As the evolution-induced mass loss rate needs time to get going, the total amount of evolutioninduced mass loss is considerably smaller, typically 10 to 50% of the total amount of mass lost by stellar evolution (see Fig. 16 ).
The mass loss of the cluster models by dissolution needs time to build-up, just like the evolution-induced mass loss. However, this is a consequence of the initial conditions of the cluster model and the start of the dissolution might be very different in real clusters (Sect. 5.3).
We have shown from both theory and the model simulations that the dissolution rate depends on the environment of the clusters and can be described accurately by a formula of the type (dM/dt) dis = −M (t)
1−γ /t0, with M and t in units of solar mass and Myr. The value of the dissolution parameter t0 depends on the environment, e.g. the Galactic potential, the orbit and shocks by spiral arms and passing GMCs.
We have derived expressions for estimating t0 for clusters in galaxies where tidal evaporation is the main dissolution effect. This value depends on the Galactic potential (i.e. the galactic rotation velocity), the orbit of the cluster, the initial concentration characterized by W0, and on the evolution of the mean stellar mass. We have derived an expression for the mean stellar mass during the pre-core collapse phase and the post-core collapse phase for various initial mass functions and metallicities. For clusters in an environment where shock-heating by encounters with spiral arms or GMCs are important, the value of t0 can be estimated using the descriptions by Gieles et al. (2006 Gieles et al. ( , 2007 .
The slope of the stellar mass function depends mainly on the remaining mass fraction µ = M (t)/Mi of the clusters and hardly on the initial parameters, such as mass, mass function, concentration factor and strength of the tidal field (e.g. Vesperini & Heggie, 1997; BM03; Trenti et al. 2010 ). This effect can also be seen in our results in the evolution of the mean stellar mass of a cluster. The data in Figs. 6, 10 and 14 show a very similar evolution of m as function of µ in almost all models. The main difference is that clusters with short lifetimes have an offset of m to higher values. This is because the mean stellar mass not only depends on the slope of the mass function, but also on the mass of the most massive stars that have survived stellar evolution. This upper mass depends on the age of the cluster and not on its mass fraction.
The details of the N -body simulations have shown that γ = 0.65 for clusters with an initial density distribution of a King-profile with W0 = 5 and γ = 0.80 if W0 = 7. The difference in γ is due to the fact that the dissolution timescale depends on both the half-mass relaxation time and the crossing time. Initially Roche-lobe underfilling clusters quickly expand due to mass loss by stellar evolution and reach a density distribution of approximately W0 = 7, so their dissolution is also described by γ = 0.80. These values of γ apply to the pre-core collapse phase 4 . We note that our Roche-lobe underfilling models have half-mass relaxation times between 40 and 800 Myr. The central relaxation times are about 10 times shorter, i.e. 4 to 80 Myr, but still longer than the evolution time of the most massive stars. If the initial radius is smaller than those of our models, e.g. 0.5 pc, the core relaxation time may be shorter than the evolution time and the cluster concentration might decrease rather than increase due to stellar evolution.
The N -body-simulations showed that cluster dissolution does not start right away but that it also needs time to get going. We find that this build-up can be described by the same exponential function with the same time scale as the evolution-induced mass loss (Eq. 14).
The core collapse time tcc of the models can be expressed in terms of the initial half mass relaxation time t rh by a simple relation that depends on the underfilling factor F (Eq. 23). For a Roche-lobe filling cluster of Mi = 10 5 M⊙ in a circular orbit tcc ≃ 5 t rh (t = 0).
The mass loss rate by dissolution increases at core collapse by about a factor 2 depending on the model, and has a different mass dependence after core collapse than before with (dM/dt) dis = −M (t) 1−γcc /t cc 0 with γcc = 0.70 for all models. This is independent of the initial density distribution because this is erased by the core collapse. When the mass of the cluster decreases to M (t) 10 3 M⊙ the mass loss dependence changes to γcc = 0.40. This is due to the variation of the Coulomb logarithm in the dependence of relaxation time on the number of stars N in the cluster. We derived an expression for t cc 0 , i.e. after core collapse (Sect. 6.3).
We have derived simple expressions for the parameters that describe the evolution-induced mass loss and the dissolution, in terms of the initial cluster parameters (Mi, W0) and the orbit (R Gal and eccentricity). We also derived parameters that describe the mass loss by stellar evolution for different stellar IMFs and metallicities. With these parameters we can describe the different mass loss effects throughout the lifetime of a cluster. By integrating (dM/dt)tot = (dM/dt)ev + (dM/dt) ev ind + (dM/dt) dis , starting from the initial mass Mi, we can calculate the mass loss histories of clusters. For this purpose we describe a simple recipe for calculating M (t) in Appendix A, that provides a summary of the equations. The resulting mass histories are compared with those derived from the N -body simulations. Some of the characteristic results are shown in Fig. 17 . The agreement is very good, within a few percent of the initial mass. The agreement is equally good for the cluster models of BM03 that were not used in this paper.
The method described here provides a description of the variation of the total mass, i.e. stars and remnants, of a cluster with age. To derive the luminous mass, one has to correct the total mass for the contribution by remnants. In the calculations of BM03 the newly formed remnants were retained in the cluster (no kick velocity was assumed). In the method that we present here the kick fractions of black holes, neutron stars and white dwarfs can be specified as free parameters. In later phases part of the remnants can be lost by dissolution. At late ages remnant neutron stars and black holes are the most massive objects in the cluster. They will sink to the center and are not likely to be lost by dynamical effects.
The results of this paper and the methods can be used to predict the mass histories of star clusters with different stellar IMFs and different metallicities in different environments. This can then be used to predict the evolution of the mass function of cluster systems.
APPENDIX A: RECIPE FOR PREDICTING THE MASS EVOLUTION OF CLUSTERS IN DIFFERENT ENVIRONMENTS
A1 Roche-lobe filling clusters a. Initial conditions The cluster is defined by its initial mass, Mi, initial half mass radius r h , initial concentration factor W0, metallicity, Z, and stellar IMF. The environment is defined by only one parameter, t0 for a single cluster or t N ref for a cluster ensemble, which describes the strength of the dissolution processes due to the environment (see below). Since the evolution depends on the initial cluster parameters, we first describe these.
The tidal radius, rt, is
where Mi is the initial cluster mass and R Gal , v Gal and M Gal are the Galactic radius, the rotation velocity and the mass within R Gal . The last equality is only valid for galaxies with a constant rotation velocity. For clusters in elliptical orbits R Gal is the perigalactic distance. The half mass radius r h of Roche-lobe filling clusters is 0.187 rt if the initial concentration factor of the King density profile is W0 = 5 and 0.116 rt if W0 = 7.
It is important to estimate some of the relevant initial time scales of the cluster. The half mass relaxation time, t rh is
with Ni = Mi/mi and Λ ≃ 0.11Ni (Giersz & Heggie 1994) , where mi is the initial mean stellar mass. The gravitational constant is Gn = 0.0044985 pc 3 M⊙ −1 Myr −2 . The crossing times at r h and rt are
and
The core collapse time is typically of the order of about 20 time-dependent relaxation times. It can also be expressed in terms of the initial relaxation time. The BM03 models show that for Roche-lobe filling clusters tcc ≃ 16.90 t rh 0.872
For clusters in elliptical orbits with ǫ 0.2 this expression underestimates the value of tcc by 20 % if the value of t rh at perigalacticon is used. One also needs an initial rough estimate of the total lifetime of the cluster because dissolution depends on the number of stars in the cluster N = M/m and m depends on the age. The lifetime t 1% can be estimated from Mi and t0 using Eq. 31 with an accuracy of about 10 percent
The values of t0 depend on the mean stellar mass, m, which in turn depends on t0M b. The total mass loss To calculate the mass history one has to start with mass Mi and then integrate numerically the mass loss rate
where the first term is the direct mass loss by stellar evolution, the second term is the loss of stars induced by stellar evolution, and the last term is the dynamical mass loss (dissolution) due to the tidal field, corrected for the delay in getting started.
c. The evolutionary mass loss
The evolutionary mass loss can be calculated by means of
with x = log(t/Myr). The values of the coefficients are given in Appendix B (Table B2 ) for a range of metallicities and stellar IMFs 5 . The luminous mass M lum that appears in Eq. A8 is the total mass M (t) minus the mass in remnants Mremn. The mass in remnants can be derived from the data in Appendix B by integrating Mremn from 0 at t = 0, using
with dµ/dt > 0 and using the resulting value of Mremn(t) to find M lum (t) = M (t) − Mremn(t). The parameters for µremn are listed in Table B2 for various metallicities. The parameter f kick is the kick factor of the remnants. If all neutron stars and black holes are kicked out of the cluster then f BH kick = f NS kick = 1. In the recipe described here the kick factor can be adopted as a free parameter for the calculation of mass history of clusters. (The BM03 models described above have f 
d. The evolution-induced mass loss
The delay function for the evolution-induced mass loss is f delay = 1 − exp(−t/t delay ) where the delay time scale is t delay ≃ 3.0 × tcr(rt).
The scaling factor f max ind for Roche-lobe filling clusters can be estimated by
with a minimum of f max ind = 0.
e. Dynamical mass loss: dissolution The dissolution before core collapse can be written as dM dt
with γ = 0.65 or 0.80 for clusters with W0 = 5 or 7 respectively. The start of the dissolution is described by the function f delay (t) in Eq. A7. The value of t0 describes the strength of the tidal field and other dissolution processes. So it depends on the environment. (i) If the main dissolution process is unknown, t0 is a free parameter.
(ii) If shocks due to encounters with GMCs or spiral arms are the dominant dissolution process, then the value of t0 can be derived based on the properties of the spiral arms and the GMCs (see Gieles et al. 2006 and . (iii) If tidal dissolution in a galaxy with a constant rotation velocity is the dominant effect, then t0 can be derived in the following way.
with R in kpc and v Gal in km s −1 and t with t0 predǫ slightly larger or smaller than t0 pred1 , depending on the value of t0 pred1 Mi γ . The mass loss rate after core collapse can be expressed by a similar expression as before core collapse, except that it is a broken power law dM dt
with γcc = 0.70, γcc2 = 0.40 and with t0 cc2 = 10 0.90 t cc 0 for continuity at M (t) = 10 3 . The value of t cc 0 depends on the environment.
(a) For clusters with tidal dissolution as the dominant effect the value of t cc 0 depends on the mean stellar mass at core collapse, for the same reason as t0 before core collapse, but in this case 
We now have a full set of equations that describe the mass loss rates due to stellar evolution, evolution-induced mass loss and dissolution before and after core collapse of Roche-lobe filling clusters. With these sets of equations the mass evolution of Roche-lobe filling clusters can be calculated by means of numerical integration of Eq. A7.
A2 Roche-Lobe underfilling clusters
The recipe for calculating the mass history of clusters that are initially Roche-lobe underfilling proceeds along the same lines as that for the Roche-lobe filling clusters with a few modifications. The cluster is defined by the same initial parameters as in Sect. A1 plus the underfilling factor FW 0 defined by Eq. 23, with F = 1 for Roche-lobe filling clusters. Clusters with an initial density concentration of W0 = 7 and F < 1 quickly expand and reach a density distribution close to W0 < 7. For that reason F7 is also needed to describe the mass history.
The values of the initial parameters and time scales are the same as described in Sect. A1. The calculation of the mass loss rate also proceeds along the same lines. The scaling factor f 
For log F5 > −0.20 the delay time is about the same as for Roche-lobe filling clusters, t delay = 3.0tcr(rt). The dissolution is described by Eq. A12 but in this case γ = 0.80 even if the cluster started with W0 = 5. For clusters in an environment where tidal stripping is not the dominant mass loss mechanism, t0 is a free parameter. For clusters with tidal stripping in a galaxy with a constant rotation velocity the dissolution parameter is given by Eq. A13 with t 
The mass loss rate after core collapse is given by Eq. if M (t) < 10 3 M⊙ (see Eq. A18). With these equations the mass history of initially Roche-lobe underfilling clusters can be calculated.
APPENDIX B: MASS LOSS AND REMNANT PRODUCTION BY STELLAR EVOLUTION
In this section we describe power law approximations for calculating the different contributions to the mass of a cluster due to stellar evolution as a function of age for nondissolving clusters. This is done for metallicities of Z = 0.0004, 0.001, 0.004, 0.008 and 0.02 for a Kroupa-IMF from mmin < m < mmax with mmax = 100 M⊙ and mmin = 0.1 M⊙. The mean initial mass is < m >i= 0.638 M⊙. We adopted the stellar evolution described by Hurley et al. (2000) . Table B1 gives the relation between age and the mass of the star that ends its life at that age. Table B2 gives the parameters for calculating the variation of several cluster quantities by means of polynomial fits of the type y = a0 + a1x + a2x 2 + a3x 3 with x = log(t/Myr). These quantities are: µ(t) = M (t)/Mi is the remaining mass fraction of the cluster; µBH(t) = MBH/Mi, µNS(t) and µWD(t) are the mass fraction (relative to the initial cluster mass Mi) of the black holes, neutron stars and white dwarfs; < m >, < m >BH, < m >NS and < m >WD are respectively the mean masses of all stars and of the black holes, the neutron stars and Table B1 . The maximum initial mass of a star that has survived at age t is given by the polynomial: log(mmax) = a 0 + a 1 y + a 2 y 2 + a 3 y 3 + a 5 y 5 with y = log(t/Gyr). the white dwarfs (in units of M⊙) and log(L(t)/L⊙) is the luminosity of the cluster, normalized to an initial cluster mass of 1 M⊙. The powerlaw fit for the luminosity is split in two parts for two age ranges. The resulting power law fits can be used to calculate the changes in the mass functions of dissolving clusters due to stellar evolution. From the data of this table one can also derive the number of black holes, neutron stars and white dwarfs as a function of time Nco(t) = Mi µco(t)/ < m >co (t)
where "co" stands for compact object, i.e. BH, NS, or WD. Similarly, the total number of objects, stars plus compact objects, is N = Mi µ/ < m >. The number of luminous (non-compact) stars is N lum = N − NBH − NNS − NWD and the mean mass of the luminous stars is For clusters with a Kroupa IMF with a higher lower mass limit, mmin, the parameters can be calculated by subtracting the mass of the missing lower part of the IMF from the normalization to Mi. This is valid because the low mass stars with m < 0.80M⊙ do not contribute to the evolution at t < 50 Gyr. For instance, a cluster of a given initial mass Mi and an IMF in the range of 0.50 < m < 100 M⊙ has 1.091 times as many stars with m > 0.5M⊙ as a cluster with the same Mi but with an IMF in the range of 0.5 < m < 100 M⊙. So the fractions µ, µBH, µNS and µWD will be higher by 1.091.
Similarly, for cluster with a Kroupa IMF, but with a lower value of mmax the mass fractions µ, µBH, µNS and µWD can be derived as follows. Calculate first the age of the cluster, t(mmax), at the time when a star of mass mmax ends its life from Table B1 and the value of µ(t(mmax)) from Table B2 . At any time t subtract the value of µBH(t(mmax) from µBH(t) and normalize it to the new initial mass by dividing the result by µ(t(mmax)) to find the new value of µ Table B2 . Parameters for calculating various stellar evolution parameters for a cluster with a Kroupa IMF in the range of 0.10 < m < 100 M ⊙ , as function of metallicity Z and age t by means of a polynomial: y = a 0 + a 1 x + a 2 x 2 + a 3 x 3 with x = log(t/Myr). 
